We numerically investigate that optimal robust onion-like networks can emerge even with the constraint of surface growth in supposing a spatially embedded transportation or communication system. To be onion-like, moderately long links are necessary in the attachment through intermediations inspired from a social organization theory.
I. INTRODUCTION
m links at each time step. In the methods, a pair of attachments is repeatedly performed for the number of links. In other words, the destination nodes of m/2 links are decided by one rule: random attachment [11] , and the remaining them of m/2 links are decided by another rule: attachment by MED. Either of the following MED-kmin and MED-rand is applied, the number of links emanated from a new node is m/2 + m/2 = m at each time step.
MED-kmin One of the pair is chosen uniformly at random (u.a.r) from the existing nodes by random attachment. As another of it, a node with the minimum degree is chosen by intermediations in µ hops form its randomly chosen pair node. Intermediations in µ hops mean attachments to the (µ + 1)-th neighbors. µ ≥ 0 is a small integer.
MED-rand
One of the pair is the same as MED-kmin. For another of it, instead of selecting the node with the minimum degree in MED-kmin, a node is chosen u.a.r in the (µ + 1)-th neighbors from its randomly chosen pair node.
For prohibited multi-links, choosing other node is tried. Intuitively, random attachment contributes to enhance the correlations between large degree nodes, since older nodes tend to get more links by random attachment [11] and to connect each other. While another attachment by MED contributes to enhance the correlations between small degree nodes, since it often happens that the degree of the (µ + 1)-th neighbor is small and the degree m of new node is the minimum in the network. However, these roles are exchanged in the case with a constraint of surface growth as mentioned later.
B. Constraint of surface growth
Some most important classes of surface growth include Diffusion-Limited Aggregation (DLA) [12] , Invasion Percolation (IP) [13] , and Eden growth [14] , which can be used as a basis for understanding a wide range of pattern-formation phenomena with (e.g. fractal) disorderly growth. Thus, as similar to the copying network [9] , we consider the typical diffusive growth on surface, whose position of new node is determined by DLA, IP, or Eden model on a square lattice.
DLA model It means a dendric extension in technological or social network system. 
III. EMERGENCE OF ONION-LIKE NETWORKS
We use two measures of robustness index R and assortativity r for investigating the emergence of onion-like networks. The robustness index 1/N ≤ R ≤ 0.5 [2] is defined
where S(q) denotes the number of nodes included in the giant component (as the largest connected cluster) after removing qN nodes, q is a fraction of removed nodes. In this paper, we consider malicious attacks with recalculation of the largest degree node. For the measure of degree-degree correlations, as the Pearson correlation coefficient for degrees [3] , the assortativity −1 ≤ r ≤ 1 is defined as
where k e and k ′ e denote degrees at end-nodes of link e, M is the total number of links. When both R and r are large, the network is onion-like. Although there is no exact criterion to be onion-like, we investigate it in numerical comparison. The following results are averaged over 100 realizations of generated networks from the initial K m at the origin (0, 0) of square lattice. Moreover, we consider the reason why onion-like networks emerge in the methods. We remark that the maximum degree in the method of MED-rand is larger than that in the method of MED-kmin. In the method of MED-rand, large degree (brown and red) nodes appear in the inner core as shown in Fig. 5(a)-(d) . There are several common features for MED-kmin and MED-rand. In the case by IP model, the position of core (gray or brown) with concentrated links is not determined in advance but by chance as shown at the middle in Fig. 5(a)-(d) . In addition, the degree becomes medium (green) in the area out of the core, while it tend to be smaller (yellow) as closer to surface. Outer (blue) links between surface nodes appear in µ ≥ 1 as shown from Fig. 5(b) to (d), while it is a reason of weak robustness in the case of µ = 0 that outer links does not appear in Fig. 5(a) . Thus, outer links contribute to enhance the robustness of connectivity, moderately long links are also necessary in this reason.
IV. CONCLUSION
We have shown that onion-like topological structure with positive degree-degree correlations and strong robustness of connectivity can emerge in a spatially embedded network by pair of random and intermediation attachments even with the constraint of surface growth.
In particular, it is found that moderately long links are necessary to enhance the correlations between large degree nodes at the inner core and to be onion-like. These results will be useful for designing prospective future networks for transportation or communication systems. 
